We introduce and study the properties of a class of coherent states for the group SU(1,1) X SU(1,1) and derive explicit expressions for these using the Clebsch-Gordan algebra for the SU(1,1) group. We restrict ourselves to the discrete series representations of SU(1,1). These are the generalization of the 'Barut Girardello' coherent states to the Kronecker Product of two non-compact groups.The resolution of the identity and the analytic phase space representation of these states is presented. This phase space representation is based on the basis of products of 'pair coherent states' rather than the standard number state canonical basis. We discuss the utility of the resulting 'bi-pair coherent states' in the context of four-mode interactions in quantum optics.
The conservation law for Q 1 is related to the Casimir operator C for the SU(1,1) group; which can be written as
Thus the eigenstate of Q 1 is also an eigenstate of C and the pair coherent stateis related to the eigenstate of K − 1 by Barut and Girardello. These generate a representation D q 1 that correspond to the positive discrete series representation of SU(1,1) [4] . In the number state basis, this corresponds to the basis states |n 1 + q 1 , n 1 >, where
The pair coherent state in the number state basis labelled as |ζ 1 , q i > is
with
These states constitute a complete set in each sector q i and the completeness relation is given by
for the normalized states . We now consider the group obtained by the addition of two SU(1,1) generators defined for four modes a,b,c,d.
The 'bi-pair coherent states' or the coherent states for the Kronecker Product are now the eigenstates of K − ,C 1 , C 2 and C . If we restrict ourselves to the positive discrete series representations of SU(1,1) then the Kronecker Product D q 1 XD q 2 i.e the Clebsch Gordan series for SU (1, 1) given by
Thus a given representation in the Kronecker product is fixed by q, q 1 , q 2
The eigenvalue problem that we wish to solve is
In terms of the product number state basis |n 1 + q 1 , n 1 > |n 2 + q 2 , n 2 > we get:
we get an expression for the Kronecker Product states in terms of the CG coefficients in the photon number basis.
Clebsh Gordan Problem in the pair coherent state basis
Consider the four mode bases of the Hilbert space characterised by the product of two pair (SU(1,1) coherent states |ζ 1 , q 1 > |ζ 2 , q 2 > . Since these coherent states form an overcomplete set any vector in the four mode Hilbert space can be expanded in terms of these states. In particular the coherent state of the product SU(1,1) X SU(1,1) |ζ, q > can be expanded directly in terms of the unnormalized states
The completeness relation for the unnormalised states |ζ i , q i >> can be deduced from (2.18) to be
The unnormalised states have the advantage that the operators K ± i and K z i can be expressed as differential operators. The completeness relation and resolution of the identity ensures that the product states |ζ 1 , q 1 >> |ζ 2 , q 2 >> form the basis states for D q 1 XD q 2 and any four mode state |ψ > can be expanded as
In this representation the quantity << ζ 1 , q 1 , zeta 2 , q 2 |ψ > is an analytic function ψ(ζ * 1 , ζ * 2 , q 1 , q 2 ) and the operators K 1 and K 2 act as ifferential operators on this function. In particular the coherent state vector |ζ, q > in this four mode hilbert space can be written as:
This becomes the equivalent of the Clebsch Gordon equation in the pair coherent state basis and the quantity The overlap function << ζ 1 , q 1 |ζ 2 q 2 |ζ, q >= f (ζ of the Clebsch Godon coefiient for the SU(1,1) COHERENT STATE BASIS. The action of the generators of SU(1,1) X SU(1,1) on f is given by
On the other hand
Thus we get the following two differential equations for f:
) f
Solving these two equations we get [5] :
N is the normalisation . Thus the state |ζ, q > can be obtained from the relation:
This is the Clebsch Gordon form for the product basis of Coherent states of SU(1,1) X SU(1,1). It is interesting to note that by substituting the values of |ζ 1 , q 1 >> and |ζ 2 , q 2 >> given in equations (14) and using the expansion for the Jacobi Polynomial as well as the expansion of the Bessel function I q and carrying out the various integrations we have:
By comparison with expression [13] in the previous section we have:
Which is the Clebsch Gordon coefficient for the canonical number state basis for SU(1,1)XSU(1,1) .
2 SubPoissonian Properties of SU(1,1)XSU(1,1) coherent states
To give an idea of the Sub-Poissonian nature of these states let us consider a special case which is useful in physical applications. Consider the case q 1 = q 2 = 0 ; q=1 ; ζ = 0 In this special case , we start with equal number of photons in the modes a and b and in c and d. Then
where
The single mode probability distribution P n 1 and the mean number of photons < n 1 > are given by
and < n 1 >= |ζ|I 2 (2|ζ|) 2I 1 (2|ζ|)
A measure of the non-classical nature of the distribution is given by Mandel's Q parameter , which for the mode a is given by
In fig. 1 we plot Q .vs. |ζ|. For values of |ζ| < 2, Q is negative showing the departure from the Poisonnian. The joint probability distribution P n 1 +n 2 can be calculated from P n 1 ,n 2 by the relation:
